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We consider Schrodinger equation in external uniform magnetic eld. There is no Galilean boost with constant velocity. Instead
any solution can be boosted to move along a cyclotron orbit. This symmetry is generalized so that it maps solutions in uniform
magnetic eld into solutions of the problem with both uniform magnetic and uniform electric elds. The same symmetry is valid
in an eective Ginzburg-Landau model of the quantum Hall eect and in the Jackiw-Pi model. We present also improvements in
perturbative methods applied to soliton dynamics.
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1 Outline
We consider the classic problem [1] of a polarised electron in a plane in an external uniform magnetic eld. This problem has well
known stationary solutions in the form of Landau wave-packets. We construct an exact transformation which maps a stationary
Landau wave-packet solution into a wave-packet moving as a whole along a cyclotron orbit. The transformation is a generalization
of the Galilean boost to the problem with an external magnetic eld. It can be further generalized so that it maps a solution
of the problem with just an external uniform magnetic eld into a solution of the problem with both magnetic and an in-plane
electric elds. It turns out that the Landau wave-packet moves in external uniform magnetic and electric elds along trajectories
of a classical electron. These results apply also to many electrons interacting through a Galilean-invariant potential which depends
only on their relative distances.
The described above symmetries appear in electronic systems provided that the systems are Galilean invariant in the absence of
external electromagnetic elds and the electromagnetic elds are regarded as nondynamical. In particular electromagnetic radiation
from accelerating wave-packets is neglected. These two ingredients are also properties of a nonlinear Schrodinger equation coupled
to Chern-Simons gauge eld. The Chern-Simons gauge eld is nondynamical so that such a model is Galilean invariant in the
absence of external electromagnetic elds. In Section 3 we analyse such models in more detail.
Section 4 contains discussion on how to apply adiabatic transport methods to the dynamics of solitons in models with broken
parity invariance. The point is that in such models solitons usually feel an analogue of a Lorenz force. Because of this force, which is
linear in soliton's velocity, the acceleration turns out to be of the same order as velocity. Standard perturbation techniques, which
explicitly or implicitly assume the acceleration to be negligible as compared to velocity, fail in this case. We propose a formalism
which explicitly assumes that an acceleration vector is a linear form of velocity. A perturbative approximation to the deformed
Galilean boost can be obtained in this scheme, while it is beyond the reach of the standard methods.

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2 Electron in external electromagnetic elds
In the Landau problem the motion along the direction of the uniform external magnetic eld can be factorized so that from the











The Latin indices refer to the planar dimensions, k = 1; 2. When repeated, they imply summation over planar dimensions. We use






, where the gauge potentials are those of an external magnetic
eld in the symmetric gauge,
A
0











In this problem there is no dynamical gauge eld.
Solutions of the problem (1) with nonzero external magnetic eld, B 6= 0, are the well known Landau wave-packets
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where z + z
0
= (x + iy), with z
0
being an arbitrary center of mass. L is the magnetic length, L = 1=
p
eB. The wave-function (3)















If the external gauge eld is zero, A

= 0, the model (1) is Galilean invariant. Namely, if the eld 	(t; ~x) is a solution of Eq.(1),
with A

= 0, than the boosted eld multiplied by a Galilean cocycle,
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+ ~vt ; (5)
with a constant velocity ~v. This is the standard Galilean symmetry of the Schrodinger equation. The question is what remains out
of this symmetry when the external magnetic eld is turned on?
To answer this question, let us observe that the following transformation is a symmetry of Eq.(1). If 	(t; ~x) is a solution of
equation (1) with external gauge eld potentials A

(t; ~x), than the following set of elds
~











































is also a solution of Eq.(1). Note that we have not specied the trajectory
~
R(t). Eqs.(6) are a symmetry of Eq.(1) for any trajectory.
The transformation (6) is a symmetry of Eq.(1) but one could wonder whether it is a mapping to the same physical problem. In
other words, in the original Landau problem (1,2) we had an electron in an external uniform magnetic eld, B = const 6= 0, without
any electric eld, E
k
= 0, but what is the background electromagnetic eld after the transformation? There is nothing easier then
to check it. If the original background elds are B(t; ~x); E
k
(t; ~x), than the electromagnetic elds after the transformation (6) turn
out to be
~









































Thus the magnetic eld, except being boosted, is unchanged but in general the transformation (6) not only boosts the original
electric eld, E
k




R(t)], but it also gives a additional contribution to the electric eld, E
k













(t), which in general does not vanish.
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The transformation from the Landau problem (2), where E
k
= 0 and B = const 6= 0, maps the original electromagnetic elds
into
~
















Thus in general we have an uniform electric eld. For the transformation to map a solution of the Landau problem into a solution
of the same problem, the trajectory
~











the solution of which is a cyclotron motion. A stationary Landau wave-packet (3) is mapped by the transfomation (6,9) into a
wave-packet moving along a cyclotron orbit as if it were a classical electron. With this choice of trajectory the transformation (6) is
the promised generalization of Galilean invariance to the problem with an external uniform magnetic eld. To see their connection
in more detail let us have a look at the elds in Eq.(6) with explicit potentials (2),
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is a periodic function of time, see Eq.(9), so that the above elds are gauge-equivalent to
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R( )] : (11)

B
is a deformed Galilean cocycle (compare with 
0




, when integrated over one period of the
cyclotron motion (9), gives the magnetic ux enclosed by the trajectory
~
R(t). In the limit B ! 0 the symmetry (9,11) reduces to
the standard Galilean boost (4,5).
Another characteristic example is a transformation from the Landau problem (1,2) to such a problem that a wave-packet can














, see Eq.(8). This in-plane electric eld is chosen so that it balances the Lorenz force acting on a moving wave-packet.
This solution is an example of a perfect Hall eect without scattering on impurities and thus with no longitudinal resistance.
This example encourages us to look at the transformation (6) from a more general point of view. The transformation maps
solutions to the problem (1) with B = const 6= 0 and E
k
= 0 into solutions in the same magnetic eld,
~
B = B, but some arbitrary




. The solutions of the former problem are the Landau wave-packets (4), while the solutions of the















In such external elds the wave-packets move along trajectories of classical electrons.
The most general point of view is that the transformation (6) maps any solution of Eq.(1) with arbitrary external elds
B(t; ~x); E
k




(t; ~x). The transformation does not change the
magnetic elds but it can generate a whole class of electric elds, see Eq.(7). All these problems are equivalent through this
symmetry.



























































The indices A;B;C run over electrons 1; 2; :::; N . In the absence of external electromagnetic elds this problem is Galilean invariant.



































































































where p is a positive integer. g is a positive coupling constant. The wave-function describing a droplet of Hall uid can be boosted








. Such a boosted solution
describes a perfect fractional quantum Hall eect.
3 Nonlinear Schrodinger equation in external electromagnetic elds
We have considered symmetries of planar electronic systems in external uniform magnetic and electric elds. The key assumptions
are that there are no dynamical electromagnetic elds and that the systems in the absence of external electromagnetic elds are
Galilean-invariant. One could expect similar symmetries in the nonlinear Schrodinger equation coupled to Chern-Simons gauge eld.
Without external elds such a system is Galilean-invariant. The Chern-Simons eld is not dynamical so the necessary conditions
for the deformed Galilean boost to exist are satised.
Let us begin with the system (13) interacting through the two-body hard-core potential (15). The eld-theoretical description



















is once again interaction with an external electromagnetic eld. Once again it is straightforward to check
that the transformation (6) is a symmetry of Eq.(17). The precise form of the nonlinear self-interaction does not matter in this
respect.
We would like to fermionize the bosons in the model (17) to have a system, which is a eld-theoretical description of the quantum















































, which is the condensate density, is related to the external magnetic eld by 
0
=  B=e. In what follows we assume  to be
positive. The covariant derivative couples the scalar eld to both the external electromagnetic eld A












. The Greek indices run over space-time indices 0; 1; 2. Our convention is "
012
= +1. This model is
equivalent to the pure Chern-Simons case of the Barashenkov-Harin model [5, 6], in which there is no external electromagnetic eld
but instead there is a uniform background charge density which interacts with the scalar eld through the Chern-Simons gauge
eld. The eect of the uniform background on the dynamics of the system is the same as that of an external uniform magnetic











= 0. Such a ground
state admits topological vortex excitations [4, 5, 6].
Before we write down an analogue of the transformation (6) for the model (18) let us consider another eld theory, namely the






















































































where n is assumed to be positive. r
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R() is a matrix of rotation by the angle . The solution (21) is an
internal rotation of the solution (20) around the point ~x
0
with the angular frequency !
c
=2.
Now we can give the form of the deformed Galilean boost valid for both the models (18) and (19). It reads
~

































































The elds which appear on the RHS's of Eqs.(22) are solutions in the external potential A

(t; ~x). For example, the external potential
may be that of the uniform magnetic eld (2). Similarly as in Section 2, with an appropriate choice of the trajectory
~
R(t), the
transformation (22) maps a solution in a magnetic eld into another solution in the same magnetic eld or into a solution in both



































































































R( )] : (23)
Thus both the solution (21) and the boost (23) can describe a lump moving along a circular orbit. The deformed Galilean boost
is a rotation with the cyclotron frequency !
c
= eB=m which is twice the frequency ! in Eq.(21). The transformation (21) is an
internal rotation of the solution around some xed point while the deformed Galilean boost is a genuine translational motion. The
boosted solution has to oscillate according to (21) but these oscillations are not related to the cyclotron motion itself.
The same boost as in Eq.(23) can be applied to any solution of the model (18). For example, the uniform condesate as a whole
can move along a cyclotron orbit. If the unboosted solution contains a vortex, than after the boost the vortex will move together
with the condesate.
The transformation (22) can map also to some general electric and magnetic elds. This generalization goes along the same
lines as in the quantum-mechanical case in Section 2.
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4 Perturbative approximation to the deformed Galilean boost
We have given already the exact form of the deformed Galilean boost. We are going to describe in this section a perturbative
calculation which helped us to establish its form. As the perturbative method is quite general, we think it may nd applications in
some other models. The method has been already described in our earlier article [9] devoted to the dynamics of relativistic self-dual
Chern-Simons vortices. However, the calculation in [9] is relatively complicated and what is more there is no exact solution at hand
to be compared with the perturbative result. The deformed Galilean boost considered in this paper provides us with a nice example
of exact solution, which conrms the perturbative result and the perturbative method as such.
































































. The advantage of this
formulation is that there is just the Chern-Simons gauge eld to be handled with. The external magnetic eld is replaced by the
uniform background charge density now.























+ e(   
0









= 0 ; (25)
where  = 	
?






















 is the scalar eld's phase, 	 =
p









is a nonvanishing condensate, the model has also topological vortex solutions. The Ansatz for a vortex solution with the winding





















(~x) = 0 : (27)
The function (r) interpolates between (0) = 0 and (1) = 
0
. The gauge potential vanishes at the origin, A(0) = 0, and tends
to a pure gauge at innity, A(r)   
1
er




, the equations fullled by the functions in Eq.(27) turn
out to be [5, 6]
r
2




























. Once the solution of the rst equation in (28) is known the functions
a(r) and a
0
(r) can be expressed through (r).
The aim of the perturbative calculation is to nd an approximate trajectory of a vortex in the limit of slow motion. The
perturbative method consists of two main ingredients. The rst of them is rather classic. As we are interested in slowly moving




(t). The zero order approximation to a moving vortex solution
would be just
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It is a solution to eld equations but only when we neglect all the terms linear (or higher order) in vortex velocities. The exact
solution diers from the elds in Eqs.(29),
	(t; ~x) =

	(t; ~x) +  (t; ~x) ;
a

(t; ~x) = a

(t; ~x) + u

(t; ~x) : (30)
The deviations  ; u

are at least of the rst order in the vortex velocity. The eld equations (25), when linearized both in the
vortex velocity and in the deviations  ; u












































































































. The deviations  ; u






The leading terms in the expansion read





















Before we substitute the Ansatz (32) to the linearized equations (31), we have to introduce the second and key ingredient of

















The matrix ! is time-independent and velocity-independent. In other words we are going to consider accelerations as being of the
same order in magnitude as velocities.
The assumption that the acceleration and the velocity are of the same order contradicts customary claims in the literature.
The usual reasoning, which can be traced back to the Einstein-Infeld-Homan method in general relativity [10], is as follows. We
assume there is a characteristic velocity in the model, say v. To consider slow time-evolution, we develope a perturbative expansion
in the parameter 1=v, which we consider to be small. The perturbative expansion has two ingredients. First of all the elds are
expanded around boosted static solutions in the powers of 1=v. Second, the real time t is replaced by a rescaled time  , t = v .







. For a given quantity Q, its n-th time derivative is formally n orders smaller








Q. In particular in this perturbative scheme the acceleration is always regarded as negligible
as compared to velocity or in other words the matrix !
kl
in Eq.(33) is implicitly assumed to be zero. Thus the commonly accepted
perturbative scheme rules out any solution like a motion along circular orbit.
We still do not have a satisfactory perturbative scheme to describe eventual vortex motion with radiation in which the back-
reaction could be self-consistently taken into account. Thus in this paper we will restrict to nonradiative trajectories. When there
is no radiation the energy of the vortex must be conserved. For a single vortex in an uniform condensate translational invariance






where ! is a constant. We do not know the value of the constant. It has to be xed by a solvability condition.

















































































shows that without loss of generality we can adopt the following Ansatz for the rst order eld deviations (we adopt the gauge in





























































cos ] : (36)
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  2s = 0 ;
a
0
  !b   
0






  !c  b = A
0
: (37)
We use the rescaled units in which all the constants m; ( ); 
0
and e are equal to 1. We have also restricted to the Bogomol'nyi
limit, which in the rescaled units corresponds to  = 1. It is by no means necessary but it makes the formulas more compact. In
particular the second equation in the set (28), which holds only in the Bogomol'nyi limit, can serve for many simplications.
The second equation in the set (37) is not independent, it can be derived from the last three equations. The last equation in
the set (37) can be used to express a(r) by other functions
a = !rc + rb +A
0
r : (38)
Once a(r) is expressed like in Eq.(38), it can be eliminated from the rst, third and fourth equation in the set (37). Finally we are

















































The regular asymptotes close to r = 0 are
s(r)  (1 + )r + ::: ;
b(r)  + ::: ;
c(r)  + ::: ; (40)
where the higher order terms in r were neglected. There is only one free parameter  in the asymptote.
To nd out the asymptote at innity we go back to Eqs.(37). At innity   1, up to terms decaying exponentially. The














































= b+ !c : (41)



























)s = 0 :
(42)
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Once s(r) and a(r) are known, one can nd b(r) and c(r) solving with respect to them the last two equations in the set (41). The
solution is unique provided that !
2
6= 1.





  !) : (43)
If !
2
> 1, one of the eigenvalues is positive and the other is negative. The asymptote must contain a linear combination of two Bessel
functions and of two modied Bessel functions. Thus there is one divergent mode and two long-range unnormalisable modes to be






< 1, the general asymptote is a combination of two exponentially divergent modes and two normalisable modes. Thus the
two constants !;  might happen to be sucient to remove the two divergent modes. Numerical analysis shows that it does not
happen for  1 < ! < 1, however.
Thus we must restrict our attention to the case !
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The two constants 
1
and " must be tuned to zero with just one parameter  in the asymptote close to the origin. There is no
regular solution for ! = +1.
























b(r) =  c(r)   : (45)











, compare with Eq.(36). Once the constant 
1
is tuned to zero with









. Thus at any given moment of time
the vortex velocity is parallel to the condensate current. What is more, for ! =  1 one can give an explicit solution to Eqs.(39),
namely b(r) = c(r) =  1 and s(r) = 0. According to Eq.(38)
a(r) = r[1  (r) + A
0
(r)] =  A(r) : (46)
The last equality holds thanks to the Gauss law. Thus the constant  is xed as  =  1. The vortex moves together with the










is a perturbative approximation to the exact deformed Galilean boost. Such a solution could not be obtained in a perturbative
calculation if accelerations were neglected as compared to velocities.
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